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Abstract

We propose a new kind of supersymmetric (SUSY) transformation in the
case of the two-channel scattering problem with equal thresholds for partial
waves of the same parity. This two-fold transformation is based on two
imaginary factorization energies with opposite signs and with mutually
conjugated factorization solutions. We call it an eigenphase preserving SUSY
transformation as it relates two Hamiltonians, the scattering matrices of which
have identical eigenphase shifts. In contrast to known phase-equivalent
transformations, the mixing parameter is modified by the eigenphase preserving
transformation.

PACS numbers: 03.65.Nk, 24.10.Eq

1. Introduction

The present work is a continuation of our previous investigations on supersymmetric (SUSY)
transformations applied to coupled-channel problems with equal thresholds [1]. Our main
aim here is to present a method based on SUSY transformations, which allows us to construct
potentials with given scattering properties, i.e. to solve an inverse scattering coupled-channel
problem.

There are several approaches to this problem based on the Gelfand-Levitan—-Marchenko
methods [2, 3]. In particular, Newton, Jost and Fulton [4-6] generalized the Gelfand-Levitan
method and solved the corresponding integral equations in the case of two channels and
rational scattering (S) matrices. Exactly solvable coupled-channel potentials obtained by this
technique may be used for describing the neutron—proton scattering. In particular, in this
way, Newton and Fulton [6] constructed a three-parameter phenomenological neutron—proton
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potential fitting low-energy scattering data. It would be interesting to extend this result by
enlarging the number of parameters to fit scattering data on a wider energy range; however,
the method based on integral transformations is rather involved and therefore quite difficult to
generalize. Using the Marchenko equation, the results of Newton and Fulton were nevertheless
reproduced and improved by von Geramb et al [7]. A review of the inverse scattering methods
may be found in [8-11].

Our hope that the SUSY technique may be efficient for the multichannel Schrédinger
equation is based on the well known equivalence between SUSY transformations and
the integral transformations of the inverse scattering method for single-channel problems
[12-15]. Due to this equivalence, one can use chains of first-order SUSY operators (also
referred to as first-order Darboux differential operators [16]) for constructing a Hamiltonian
with given scattering properties [17, 18]. This approach to the scattering inversion is more
efficient [15] just because of the differential character of the transformation. There are several
papers devoted to supersymmetric transformations for multichannel problems [19-26] (see
also [27-30] for additional motivations and physical applications). Arbitrary chains of first-
order SUSY transformations in the case of a matrix Schrodinger equation are studied in [31].
There, a matrix generalization of the well-known Crum—Krein formula is obtained. Another
important ingredient of the supersymmetric inversion technique are the phase-equivalent SUSY
transformations, which are based on two-fold, or second-order, differential operators. These
are described in [32-34] for the single-channel case and in [24, 25] for the coupled-channel
case. Such transformations keep the scattering matrix unchanged and simultaneously allow
us to reproduce given bound state properties.

It should be noted that methods based on a direct generalization of the SUSY technique to
the multichannel case are not able to provide an easy control of the scattering properties for all
channels simultaneously. For instance, in the two-channel case, the S-matrix is parametrized
by the eigenphase shifts §;(k), §,(k) and the mixing parameter €(k), where k is the wave
number. Usual SUSY transformations modify these three quantities in a complicated way,
which makes their individual control difficult. We believe that this is the reason why SUSY
transformations did not find a wide application to multichannel scattering inversion.

In the present paper, we propose a two-fold SUSY transformation which allows us to
modify € (k) only, while keeping 8, (k) and §, (k) unchanged. We call such a transformation
eigenphase preserving. It is necessary to stress the difference between this new kind of
transformation and the well-known phase-equivalent transformations mentioned above. A
phase-equivalent transformation does not modify the scattering matrix at all, whereas the
eigenphase preserving transformation modifies the mixing between channels. An important
consequence of that is the possibility to use single channel SUSY transformations to fit
experimental values of the eigenphase shifts. Afterwards, the mixing parameter can be fitted
without further modification of the eigenphase shifts. Thus, the main advantage of our
approach consists in splitting the inversion problem into two independent parts: (i) fitting
eigenphase shifts to experimental values independently for each channel and (ii) fitting the
mixing parameter between these channels. To solve the first problem, one can use the single-
channel tools mentioned above. In the present work, we propose an elegant solution to the
second problem.

In what follows, we will use definitions and notations introduced in our previous paper
[1], where a first-order coupling SUSY transformation is analysed in details. Nevertheless,
in section 2, we recall some basic formulae necessary in the next sections. In section 3,
we describe the new two-fold SUSY transformation and prove our main result that this
transformation preserves the eigenphase shifts. A simple illustrative example of an exactly
solvable coupled-channel potential with a given scattering matrix is presented in section 4. In
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the conclusion, we discuss possible applications of the presented method and formulate some
possible lines of future investigation.

2. Two-channel scattering with equal thresholds

Consider the two-component radial Schrédinger equation [35, 36]
Hoyo(k, r) = K*yo(k, 1), r € [0, 00) (1

with the Hamiltonian
2

d
Ho= —1-—
0 dr?

Here 1 is the 2 x 2 identity matrix and the interaction potential Voim(r) is a real and symmetric
matrix, exponentially decreasing at large distances. We will consider the case of two partial
waves [} and /, with identical parity:

12=11+2m, m € 7. (3)

+ V") + 11+ Dr 2, I = diag(ly, L). )

For the sake of convenience, we combine the interaction potential ng (r) and the centrifugal
term into a single potential matrix Vy(r) = Voi“t (r) +1(I +1)r~2. To characterize this potential
near the origin, we use a singularity index matrix v. The matrix v is determined by the
asymptotic behaviour of the potential near the origin:

Vor = 0) = v(v+Dr 2 +0(1). 4)

Below, only potentials with singularity index being a diagonal matrix with integer entries
v = diag(vy, v2) and v; > [; are considered. We will call such potentials physical and restrict
ourselves to SUSY transformations that produce physical potentials.

As usual, the Jost solutions fy(k, r) are defined as matrix solutions of (1) with exponential
asymptotic behaviour at large distances [35, 36]. In what follows, we will need a more detailed
asymptotic behaviour of these solutions; it is given by the asymptotic behaviour of the Bessel
functions of the third kind, Hl(ji (z), also called the first Hankel functions (see [37] for a

definition). At large distances, the Jost solution thus behaves like the corresponding solution
for the free particle

1

. . TZ\2
folk.r = 00) — diaglhy, (k). b, (). hi@) =1 (5)" H) @) 5)

with
i A —1
hi(z — o0) = e~ 1+2—+o(z )], A=IlI+1). (6)
Z
A special linear combination of the Jost solutions gives the regular solution
i

polk,r) = ﬂ[fo(—k, r)Fo(k) — folk, r)Fo(—=k)1, @)

r\)]+1 rll2+1
Qv+ DI vy + 1)!!) ’
where matrix Fy(k) is the so-called Jost matrix.
To construct eigenphase preserving transformations, we need solutions of the Schrédinger

equation (1) with a special behaviour both at large distances and near the origin. Thus, we
first prove that the necessary solutions exist.

@o(k,r — 0) — diag < (8)
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Lemma 1. For any momentum k such that Imk > 0, det Fo(k) # O, and for any constants
1.2, d12 € C, there exist two vector solutions u(k, r) and V(k, r) of the Schrédinger equation
(1) which behave at large distances as

ik, r — 00) = e ¥ (cy, )T (1 +0(1)), 9)

U(k, r — 00) = e (dy, d2)" (1 +0(1)), (10)
and near the origin as

uk,r = 0) = (air”, ar™H7T (1 + o(r)), (11)

vk, r — 0) = (bir™"", bar )T (1 + o(r)), (12)

where a2, b1 2 € C.

Proof. To obtain the behaviour (10), v(k, r) can be expressed in terms of the Jost solution
Uk, r) = folk,r)(dy,d>)". (13)

Formula (12) follows from the behaviour of the Jost solution near the origin (see, e.g., [35]).
Taking into account that Im k > 0, one gets from (7)

@o(k,r — 00) — iﬁ)(_k’ r)Fo(k). (14)

Here, we omit the second term in (7) since it becomes negligible at large distances with respect
to the first term. Thus, solution i (k, r) may be obtained as

. 2k _
ik, 1) = =go(k, 1) Fy Yky(er, e (15)

Formula (11) follows from (8). ([l

The 2 x 2 scattering matrix So(k) is expressed in terms of the Jost matrix as
So(k) = €''2 Fo(—k) Fy ' (k)el>. (16)

Being unitary and symmetric, Sy(k) can be diagonalized by an energy-dependent orthogonal
matrix Ry(k):

RY (k) So(k) Ro(k) = diag(e??o1®) | g2y (17)

where &y, ; are the eigenphase shifts and the angle €, entering matrix Ry is called the mixing

angle
cosep(k) —siney(k)
k) = . 1

Ro®) (sin eo(k) cosep(k) ) (18)

Note that an opposite sign definition for the mixing angle could have been chosen; moreover,
the order of the eigenphase shifts is arbitrary: exchanging them while adding £ /2 to the
mixing angle keeps the scattering matrix unchanged. In the next section, the eigenphase
preserving SUSY transformations are defined.
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3. Eigenphase preserving two-fold SUSY transformations

3.1. Two-fold SUSY transformations

Two-fold SUSY transformations led to a number of interesting quantum models with unusual
properties [38]. In particular, the corresponding superalgebra is nonlinear. It is natural to
consider the two-fold SUSY transformation of the Schrodinger equation (1) as a chain of
usual (i.e. one-fold) SUSY transformations. One-fold transformations for coupled-channel
Schrodinger equations were introduced in [19]. Their generalization, which allows us to
introduce a coupling between channels, was given in [1]. The additional requirement that
the transformed potential be physical was shown to result in a strong constraint on the
transformation parameters. The case of two transformations is less restrictive since the
intermediate Hamiltonian may be chosen unphysical. In particular, one may use as
transformation functions complex-valued solutions of the Schrodinger equation corresponding
to complex factorization constants. As we show below, a chain of two such transformations
may preserve the eigenphase shifts.

The chain of two SUSY transformations, Hy — H; — H,, emerges from the following
intertwining relations:

LHy=H L, LyH) = H>L,, (19)

where the operators L; map solutions of the Schrodinger equations to each other as | = L
and Y, = LY. These operators can be combined into an operator L defining the two-fold
SUSY transformation

LHy = H>L, L=L,L, (20)

directly mapping solutions of the initial Schrodinger equation to solutions of the transformed
Schrodinger equation as ¥, = L.
The operators L; are first-order differential operators:

Ly =w(r) -9, Ly = wy(r) — 9,. (21)
We use the standard notation for the superpotentials

w;(r) = u;(ru;' (r), j=12 (22)

2(r) = iy ()it (r), (23)

which are expressed in terms of the matrix factorization solutions #; and ii; = Liu;. These
solutions satisfy the following Schrodinger equations:

H()uj = Ejuj, H1L~t2 = Ezﬁz, (24)

with E, E, being factorization constants. The operator L then has a nontrivial kernel space,
Ker L, spanned by the set of transformation functions u; and u;:

Ker L = span{u,, us}. (25)

In the following, we will only consider self-conjugate factorization solutions, i.e. solutions
with a vanishing self-Wronskian W[u, u] = 0. The Wronskian of two matrix functions u, v is
defined as

Wi, v](r) = ul W' () — u” Hv(), (26)
leading for factorization solutions to
Wluy, us](r) = uf (r)[wa(r) — w] () Jua (). (27)

5
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Hence, self-conjugate solutions correspond to symmetric superpotentials. The solution i,
then reads

2 (r) = Liuz(r) = [wi(r) — wa(r)]uz(r) = —[ulT(f’)]AW[Ml, uz](r), (28)

where the last expression has been obtained using (27) and the symmetry of w;. Using the
Schrddinger equation twice, one also sees that the derivative of Wronskian (27) reads

Wi, uz)'(r) = (Ey — Ex)uf (rux(r), (29)
a relation which will be used below.

The Hamiltonians in (19) correspond to potentials related to each other through
superpotentials

Vi(r) = Vo(r) — 2w (1), Va(r) = Vi(r) — 2@5(r). (30)

The sum of the two superpotentials w, and @, defines the two-fold superpotential W,, which
directly connects Vj to V5:

Wa(r) = wi(r) + wa(r), Va(r) = Vo(r) — 2W5(r). (31)

Using (23), (27) and (28), one can rewrite W, in the compact forms
Wa(r) = (E1 — Ex)[wa(r) — wi ()] (32)
= (E1 = EDus(nWlur, ua]™ (uf (r). (33)

As will be seen below, the second expression is more general than the first one, as it may be
used in cases where the individual superpotentials w or w, are singular.

Similarly, expressing the second derivative of the matrix solution yy(k, r) from (1) and
defining the logarithmic derivative

wi(r) = Yok, g (k. 7). (34)
one can rewrite the action of the second order transformation operator L on (%, ),

Volk,r) = (W2 — 3,) (w1 — 3)Yo(k, 1), (35
in the following form:

Yok, r) = [(=k> + EN1+ Wa(r)(wy — w) ok, 7). (36)

A more symmetric form of this formula

Valk,r) = [(—k2 PR

may also be useful.

wi + wy

1+ W20) ( - wk)} Yolk,r)  (37)

3.2. Main theorem

Let us now particularize the above results to two consecutive SUSY transformations with
mutually conjugated complex matrix factorization solutions corresponding to imaginary
factorization energies. We will prove that such a second-order transformation modifies the
mixing parameters without affecting the eigenphase shifts.

Theorem 1.  Consider a complex matrix solution u of the coupled-channel Schrodinger
equations (1)—(4), with imaginary energy E| = kf = 2ix? and complex wave number
ky = x@{+1), x > 0, behaving at large distances as

by (—kir) ik, (klr)>

. (38)
Fihg, (=kir)  hy,(kyr)

u(r—>oo)—><
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and near the origin as
ayr’tt b

a2t by

u(r > 0) = ( ) [1+0(r)]. 39

The two-fold SUSY transformation defined by (20)—(24) with matrix factorization solutions
uy = u, up = u* corresponding to the imaginary factorization constants E;, E, = Ef =
—2i x?* and complex wave numbers k;, ky = x (i — 1), possesses the following properties:

A. The resulting potential V, defined in (31) is real, symmetric and regular Nr. The two-fold
superpotential W, reads

Wa(r) = 4ix*[w*(r) — w(r)]™, w(r) = u'(Nu'(r), (40)

= 4ix 2w (H)Wlu, w17 (P’ (), 41)

where only the second expression can be used when the superpotential w is singular.
B. The long range behaviour of V>,

Volr = 00) =11+ Dr 2 +o(r™?), I = diag(ly, 1), (42)

corresponds to a re-ordering of partial waves with respect to channels.
C. The scattering matrix S of the transformed Schrodinger equation is expressed from the
initial scattering matrix Sy as follows:

Sa(k) = O (k)So(k)O" (k), (43)
where the real orthogonal matrix O reads

0 k) = e

b
2

IR SN
X )e_‘l2. (44)

1
\//(4.,_—4)(4 (:I:Z)(2 —k?
D. The eigenphase shifts of the transformed scattering matrix S, coincide with the initial
ones. With the permutation

82;1(k) = do;2(k), (45)
82:2(k) = o;1(k), (46)
the mixing parameter transforms as
k2
e (k) = €o(k) £ (—1)™ arctan —. 47)
2x?

Proof. First, we note that lemma 1 implies that solution u exists. It reads

2k 1 0 0 i
u(r):T‘¢o<k1,r>F0—l(kl><¢i 0>+fo<kl,r> (O 11). (48)

Using (6) and (38), one may write the leading terms of the asymptotic behaviour of this
factorization solution as

—ikyr _ N ik iA
e (1 _2k1r> +ie <l+_2k1r

u(r - o) —>
ik (1 A iy iAs
e (1 2k1r> e 1+ 557

(49)



J. Phys. A: Math. Theor. 43 (2010) 155201 A M Pupasov et al

A. According to the choice of transformation functions and factorization constants, the one-
fold superpotentials w; and w, are mutually complex conjugated, w; = w, wy, = w*.
Therefore, one can use w = u’'u~" and its complex conjugated form w* in (22), (23) and
(28), thus obtaining

y(r) = ®*(r) = @) @), i (r) = Lu*(r) = (w— wHu". (50)

In this case, (40) and (41) directly follow from (32) and (33).

From (40), it is seen that W, and thus the transformed potential (31), are real. The
symmetry of matrix V, (i.e. V,/ = V,) follows from the symmetry of superpotential w,
which can be established by considering the self-Wronskian W[u, u]. Since (29) implies
that this self-Wronskian is constant with respect to r and (49) implies that it vanishes at
large distances, W[u, u](co) = 0, one has W[u, u](r) = 0, Vr. According to (27), this is
equivalent to the symmetry w’ (r) = w(r), Vr.

Let us now prove that V; is regular. According to (31) and (41), this is the case if and
only if the Wronskian W[u, u*] is invertible Vr. From (26) it follows that W[u, u*] is an
anti-Hermitian matrix, i.e. W[u, u*] = —W'[u, u*]. Moreover, using (29), the derivative
of this Wronskian reads

Wilu, u*)(r) = 4ix>u” (ru* (). 51

Its diagonal entries can thus be integrated using (39) and (49), respectively. One finally
obtains

Wi, u*](r) = 4ix? fo Qui () + |uz (1) [H)dr Wialu, u*](r)
’ —Wi,lu, u*](r) —4ix? [Z(urp )P+ lun@®) )t |
(52)

where u; and W;;[u, u*] label the entries of the factorization solution and those of the
Wronskian, respectively. This result implies that detW[u, u*] > 0, Vr, which proves the
regularity of V, stated in the theorem. Let us stress that this proof holds even in cases
where the superpotential w and the intermediate potential V; are singular, which shows
that expression (41), though more complicated, is more general than (40).

B. Let us first consider the case /; # I,. From the asymptotic behaviour (49), it follows that
the determinant of the transformation solution u tends to zero as r — o¢ like the Laurent

series:
Ay — A
detu(r — 00) = M +o(r ). (53)
x (1 —=1r
Hence, the superpotential w behaves asymptotically as
4 er i %1
= — . o), 54
w(r — o00) Al_Az(il _1)+ M (54)
from which, using (40), we find the asymptotic behaviour of W,
Ar— A1 (/1 O
Wa(r > 00) = —— 1 +o(r™"). (55)
2r 0 -1

It should be emphasized that from (55) follows the exchange of the centrifugal terms in V,
withrespectto V (see (31)). This effect of coupling SUSY transformations was previously
described in [1]. Note that the scattering properties of the transformed system crucially
depend on the exchange of centrifugal terms because of the presence of /-dependent
factors in the S-matrix definition (16).
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In the case of coinciding partial waves, [ = [, (55) is still valid but cannot
be established through (54): instead, W,(r) can be calculated from the Wronskian
representation (41) (see the appendix). The fact that the two-fold superpotential vanishes
at large distances faster than r~! implies that the centrifugal tails are not affected by the
SUSY transformations.

C. To establish the modification of the scattering matrix, we have to look at the way the Jost
solutions and the regular solutions transform in the two-fold transformation.
Once again, let us start with the simpler case /| # [;. Without loss of generality we may
apply the general transformation of solutions (37) to the Jost solution, which now takes
the form

Lfotk,r) = [-181 + Wa(r) (

w+ w*

- wkﬂ Jolk,r) = Uk, r) folk,r). (56)

As we will see below, the matrix Uy (k) = lim,_, o, U (k, r) determines the transformed
Jost and scattering matrices. Using (54), (55) and the fact that W,w; vanishes at large
distances, one obtains a simple expression for this matrix,

—k* F2x°
Uoo(k):<i2X2 _kz). (57)

From the dominant term of (5) and (6), it follows that the function

folk,r) = Lfok, UL (k) (58)

is the transformed Jost solution.

As in the previous part, the case /| = [, requires additional attention since the product
W, (w + w*) gives at large distances the uncertainty 0 - co. Again we use the Wronskian
representation (41) of the two-fold superpotential W, and the asymmetrical form of
transformation (36) thus obtaining

Lfotk,r) — [(—=k* + 2ix)1 + 4ix 2w Wlu, u*1™ ' u” 1 fo(k, 7). (39)

Using (A.1) and (A.6) in this expression leads to the same matrix Uy (k) as in (57).
Let us now find how the SUSY transformation modifies the behaviour of the potential at
the origin. From (39), one gets

V1—U2+1

— apby Pt (60)

which suggests that the discussion will depend on the relative values of v; and v;.
For v, = vy, excluding the case a;b, = a,b; (which requires higher order expansions),
one can expand the superpotential w(r) in a Laurent series near r = 0,

detu(r — 0) — abyr

1
wr—-0))= ————
(a1by — aby)r
arb,(vi + 1) +abyv —a1b; Qv + 1
N 1b2(v1 + 1) + a2b1v 1b12vy + 1) +o(l), 61)
a2b2(2v2 + 1) —azbl(l)z + 1) — a1b2v2

which implies with (40) that the lowest order term in W, is linear in r. Consequently, (31)
implies that the singularity indices are not modified by the two-fold SUSY transformation.
Note however that (30) implies that the intermediate potential V; displays in general off-
diagonal singular terms at the origin.

For v, > vy, one gets instead of (61)

w(r — 0) = % (”10“ _(12) +o(1). (62)
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To find the behaviour of W, at the origin, a higher-order expansion would thus be necessary.
It is simpler in this case to study the two first-order transformations separately. From
(30) and (62), we conclude that the intermediate potential V| has the following singularity
indices v — ¥ = diag(v; +1, v, — 1). For v, < v, one gets v — ¥ = diag(v; — 1, vy +1)
by symmetry.

Let us now analyse the behaviour of the transformation function #* = Lu* which
determines operator L,. Using (21) and (62) (or (61) when v; = v,) one can find that a
regular/singular vector solution transforms into a regular/singular vector solution of the
new equation. Such transformations are called conservative SUSY transformations [26].
As a result, the behaviour of #* near the origin is given by the conjugate of (39) with
different values of constants aj , and by ,, i.e. aj, — aj, and by, — ET,z’ and shifted
singularity indices ¥ = diag(v; + 1, v, — 1) (to fix ideas, we consider the case v, > v;):

ZflkruH-Z Z)Trivlfl

x .

i —0) = SR S [1+o0()]. (63)
We have to split the discussion into two subcases, once again. For ¥, = 7, i.e.

vy = vy + 2, an equation similar to (61) implies that @* behaves like »~! multiplied
by a non-diagonal matrix close to the origin. Consequently, the final potential V, will
be unphysical in general, with non-diagonal singular terms at the origin; therefore, we
will not consider this case any further. For ¥, > 7, i.e. v, > v + 2, the same reasoning
as above implies that the transformed potential V; has the following singularity indices:
b — b = diag(v; + 1, 9, — 1) = diag(v; + 2, v, — 2). Finally, for ¥y < ¥;, which is
the case for v, = vy + 1, the second transformation restores the initial singularity indices
P — D = diag(¥; — 1, D, + 1) = diag(vy, v2).

The modification rules for the singularity indices of the potential may thus be
summarized as follows in the physical cases:

(1, 1) —> (01, vy), (64)
vy + 1) —> (v, vy + 1), (65)
(1, v +m) =55 (0 +2, 0 +m —2), m> 2. (66)

From here it is seen that in all cases Trv = Tr D.

We are now ready to construct the regular solution of the transformed Schrédinger
equation. For v, # v; superpotentials w and w* have the structure given by (61) or (62)
depending on the singularity indices. Therefore, the first-order transformations L; and
L, are conservative. Thus, the result of the two-fold SUSY transformation applied to
@o(k, r) in the most general form can be written as follows:

Loo(k, r) = @2(k, r)Up(k), (67)

where U is a constant matrix with respect to . The matrix Uy (k) is invertible Vk # k »,
which can be seen from (25). In the case v, = vy, the conservativeness of the two-fold
SUSY transformation can be established by considering (56) where 1 is replaced by
a regular solution. Note that ¢p2(k, r) = @o2(—k, r); therefore, matrix U is an even
matrix function of wave number k, Uy(k) = Uy(—k). The precise value of U, is not
important for the following.

Applying operator L to the relation (7) between the Jost solutions and the regular
solution, one obtains with (58) and (67)

@2(k, 1)U (k) = i[fz(—k, MUco(—k) Fo(k) — fa(k, r)Uso (k) Fo(=k)]. (68)
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The transformed Jost matrix thus reads

Fy(k) = U (=K) Fo(k) Uy (k). (69)
The transformation of the scattering matrix then follows from its definition (16),

Sa(k) = &3 Uno (k)e 13 Sy(k)e 13 UL (ke 3, (70)

and is equivalent to (43) and (44). Note that the transformed S-matrix does not depend
on Uy. To prove that the matrix O is real and orthogonal, one has to remember that [y, /5,
11, I, all have the same parity, as implied by (3) and (42). If written like in definition (18),
the matrix O corresponds to a rotation angle

2 T 2

(—1)" arctan 2% + (—1)" arctan 71)
—_ arctan —— = — — arctan ——-.
+ 22 252

D. Diagonalizing S in the same way as Sy in (17),
R} (k)S2(k) Ry (k) = diag(e??1®) | e2022(0)) (72)

and taking into account that matrices Ry, O and R, = O R, all belong to SO (2), one sees
that S and S, have the same eigenvalues. The mixing angle of S is given by the sum of
€o and (71). Inverting the order of these eigenvalues (see discussion following (18)), one
gets (45) and (47), i.e. a modification of the mixing parameter vanishing at zero energy,
€(0) — ¢9(0) = 0. 0

3.3. Iteration

Let us finally note that the transformed potential V), can be used as a starting point for a next
eigenphase preserving transformation. This means that the two-fold SUSY transformation
considered above can be iterated as long as desirable. A chain of n such transformations over
the initial potential V; will lead to the following mixing parameter:

n 2
€2 (k) = eo(k) £ (=1)" Y arctan % (73)

j=0 j

leaving the eigenphase shifts unchanged.

4. Example

Let us consider a simple example where the eigenphase preserving SUSY transformation is

applied to an s—d diagonal potential with the following scattering matrix:
(k + k1) (k +ix7)

Tk —iky)(k —ika) )

The first channel corresponds to the d wave and the second channel corresponds to the s wave.

The corresponding potential reads

(74)

So (k) = diag <1

6
Vo(r) = diag (;3 —2(InWlvy, Uz](r))”> ) (75)

The d-wave potential is purely centrifugal, while the s-wave potential is obtained from the
zero potential by a second-order one-channel SUSY transformation with the factorization
solutions v (r) = sinh(k;r) and v,(r) = sinh(x,r). This s-wave potential has no bound state

11
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7.5

Vada — 6/12

2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
r r r

Figure 1. Entries of the exactly solvable potential matrix V; obtained from the uncoupled potential
(75) with the parameters k1 = 0.232, k = 0.944 by application of the eigenphase preserving
transformation with x = 1.22.

but a singular repulsive core at the origin [17]. The potential Vj is thus characterized by the
singularity and centrifugal indices:

v = diag(2, 2), [ = diag(2, 0). (76)
The Jost solution corresponding to the potential V|, reads
fO(k’ l") = diag(fod(ka r)’ fOS(k7 r))’ (77)
where
- 3i 3
kry=e (1+=—-—"=]), 78
Joalk,r) =¢e ( * (kr)2> (78)
~/ /
fostk.r) = (fz(r) - ar) (”‘(r) - ar> e N1 Ny, (79)
2(r) vi(r)

with ¥ = [(Inv;)’ — 9,]v, and the normalization constants N; = (ik — Kj)_l. The regular
solution ¢ is expressed from (7) with the Jost matrix

Fo(k) = diag (1, =N, N») . (80)

Using these expressions for the Jost and regular solutions, one may construct with (48)
a transformation solution u with asymptotics (38) and (39), according to lemma 1. The
eigenphase preserving transformation described in theorem 1 leads to a singular potential V,
without bound state and with

v = diag(2, 2), I = diag(0, 2). (81)
The eigenphase shifts of the transformed S-matrix coincide with the initial eigenphase shifts,
k k
8y(k) = — arctan — — arctan —, (82)
K1 K2
8q4(k) = 0. (83)
The mixing angle is given by (47) with €y = 0. In this case, different signs in (47) correspond
to different signs in the coupling interaction Vs = — Va4
The transformed potential V, with the following parameters:
k1 = 0.232, Ky = 0.944, x =122, (84)
is shown in figure 1 (for definiteness we have chosen the ‘+’ sign in (47)). The main reason
to consider this example is that it illustrates the same scattering matrix as the one obtained by
Newton and Fulton in [6]. The Newton—Fulton potential differs from the potential constructed

here because it has one bound state. This difference can in principle be eliminated by the
well-known technique of the coupled-channel phase-equivalent bound state addition [25].

12
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5. Conclusion

In this paper, we have introduced an ‘eigenphase preserving’ two-fold SUSY transformation
for the two-channel Schrodinger equation, i.e. a transformation that alters the mixing parameter
between channels without modifying the eigenphase shifts. Chains of such transformations
lead to coupling between channels in the scattering matrix which correspond to nontrivial
k-dependences of the mixing angle (73). With a reasonably small number of parameters,
such mixing angles are probably able to fit experimental data, in a similar way to the usual
phase shift fitting used in one-channel SUSY inversion [18, 24]. Combining both techniques,
we obtain a complete method of coupled-channel scattering data inversion based on SUSY
transformations. As a first application of this method, we plan to invert the two-channel
neutron—proton scattering data, hence improving the result of [6].

We also plan to study the following questions, raised by the present work. How do bound
states transform under this eigenphase preserving transformation? How do we construct
a similar transformation for an arbitrary number of coupled channels? Do other forms
of eigenphase preserving transformations exist? How will the presence of the Coulomb
interaction modify the properties of the eigenphase preserving SUSY transformation?
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Appendix

Let us calculate asymptotics (55) using the Wronskian representation (41). This allows us
to avoid manipulations with singular quantities which appear in (54) when [} = [. It is
convenient to rewrite the asymptotic behaviour of the transformation solution in the form

u(r — 00) — <2Q:F - ELIAQ;FO'Z> e oz, 0-=(07F0,)/2, gEi=kir, (A1)
where A = diag(Ay, A,), oy, 0, and o, are the Pauli matrices, and the projection matrices
QO satisfy
0L = 0=, 0:0+ =0, 0% = Qs (A2)
Q0. =0,0%, Q+0y =0, 0. (A.3)

Here and in what follows we will only retain terms of order »~! or lower. Let us first calculate
the Wronskian asymptotics at large distances. Definition (26) leads to

4 1 —i .
W(r — o00) — diye 1% (0, £ 0y) |:1 - ( ) (A1 + Ay)o, Q¢:| eléroz (A.4)
Xr
which can be inverted (up to r ') to give
-1 1 —igjo, (I-1 i£ 0,
W' '(r—>o00)—> —e %1% |1+ (A1 + A2)o, O | (0; = 0,)e™'™ (A.5)
8ix dxr

13
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I . 1 .
= —e 5% o, t o, + — (A + A2)Qy | 5%, (A.6)
8iy 2xr

We can now calculate the two-fold superpotential up to r~!

W, = 4iy 2w W ly” (A7)

. 1 .
- X (L*AQ:tUz(Uz +0)0s+—(A1+A2)0x — iQ:i:(az + Ux)UzQ:tA)a (A.8)
51 Xr &

where (A.2) and (A.3) have been used. To further simplify this expression, we also use the
decomposition A = 1(A| + Ay)/2+ 0, (A — Ay), which leads finally to

Wo(r —» o0) — %(Az — Ay)o;. (A.9)

This expression is valid for any /; and b; it is thus also valid for the case of coinciding partial
waves.
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